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A growth kinetics model of droplets with ionic condensation nuclei based on the chemical potential and the kinetic equation of 
mass transfer is established. The model is simplified and the effect of charge on droplet growth is examined. The theoretical re-
sults show that the critical radius for droplet growth with an ionic condensation nucleus is less than that of those without an ionic 
nucleus. Furthermore, our results also indicate that if the initial droplet with an ionic nucleus has a radius shorter than the critical 
radius, the droplet will not vanish, but will reach a steady-state radius. As the ionic charge increases, the critical radius for droplet 
growth will decrease and the corresponding steady-state droplet radius will increase. In addition we show that once a critical 
charge is reached, all droplets will grow regardless of initial radius. 
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In many systems, vapor condensation is the main process of 
the heat and mass transfer with phase change. To enhance 
or control such processes, the vapor condensation process 
must be well studied. So far, only conventional studies on 
the heat or mass transfers have been conducted [1]. For 
example, to study passive condensation heat-transfer and 
mass-transfer enhancement, researchers mainly analyze the 
effect of geometry on the vapor condensation system [2–5]. 
Studies on active condensation heat transfer and mass 
transfer enhancement have focused on the effect of the 
condensation-surface fluctuations produced by external 
fields [6–9]. In addition, there are some studies on the effect 
of condensation-surface tension [10–12]. Vapor condensa-
tion enhancement is important not only in the process of the 
heat and mass transfer with phase change but also in 
drought relief applications. Vapor condensation occurs 
through the nucleation of tiny droplets, which gradually 
grow. The factors that affect droplet growth have attracted 
growing attention. A classical thermodynamics treatment  
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using phase-equilibrium analysis suggests that the tiny 
droplets in the vapor must have an initial critical radius to 
grow [13,14]. If the initial droplets were formed only 
through fluctuations, the initial droplets will be generally 
too tiny to grow. Thus the initial critical radius affects 
droplet growth, which is a geometric factor. The magnitude 
of the mass transfer is dependent on the magnitude of some 
geometric factors. However it is important to investigate 
other type of factors that affect droplet growth. Recently, 
researchers have observed that the presence of external en-
ergy fields can enhance or weaken mass transfer [15–17]. 
The chemical potential drives mass transfer and is depend-
ent not only to the temperature and pressure of the system, 
but also to the presence of external energy fields. Therefore, 
external energy fields may enhance or control mass transfer. 
There have been studies on the enhancement and control of 
heat and mass transfer by using the electric field [6–9]. 
However, there have been no studies on the effect of charge 
on the growth of droplets with an ionic condensation nu-
cleus. In this paper, we explore the effect of charge on the 
growth of droplets with an ionic nucleus. This has the  
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potential to provide definite guidance for the development 
of new techniques for enhancing the heat and mass transfer 
and for increasing the efficacy of drought relief applica-
tions. 
1  General form of chemical potential 
1.1  Classical chemical potential 
Because the mass change during droplet growth may result 
in an energy change in this thermodynamic system, it is 
useful to define a chemical potential. For our system, the 
differential expression of Gibbs free energy is dG=–SdT+ 
Vdp+Σμkdnk, where μk is 
( ) , , .jk k T p nG nμ = ∂ ∂                (1) 
Eq. (1) is the partial molar Gibbs free energy of compo-
nent k under constant temperature and pressure, which is the 
chemical potential of the system. According to basic ther-
modynamic equations, Σμkdnk also appears in the differen-
tial expressions of other basic thermodynamic quantities: 
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where U is the systemic internal energy, H is the systemic 
enthalpy, and F is the systemic free-energy. Using the 
above differential expressions, the chemical potential is also 
defined as μk=(∂U/∂nk)S,V,nj, μk=(∂H/∂nk)S,p,nj and μk=(∂F/ 
∂nk)T,V,nj, (j≠k). Thus there are four definitions of chemical 
potential. Although there are different chemical-potential 
forms, they are equivalent. Due to the fact that many prac-
tical problems are studied under constant temperature and 
pressure, this paper uses the chemical-potential definition 
that is based on the Gibbs free energy. 
1.2  Generalization of the chemical potential 
In the absence of external energy fields, the Gibbs free en-
ergy is defined as G=U–TS+pV, where U is the internal 
energy. However, it is normal to include not only the inter-
nal energy of the system, but also the energy stored in ex-
ternal fields. We define the generalized U′ as U′=U+ΣWi, 
where Wi is the energy stored in the ith external field of the 
system. Thus the general Gibbs free energy, G′, is defined as 
.iG U TS pV G W′ ′= − + = + ∑           (2) 
Correspondingly the chemical-potential of component k is 
generalized as 





k k k iT p n
k T p n
G n G n W
n
μ ⎛ ⎞∂′ ′= ∂ ∂ = ∂ ∂ +⎜ ⎟∂⎝ ⎠∑   (3) 
Using eq. (1), the general definition, eq. (3), of chemical 
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where the system is kept under constant temperature, pres-
sure, component concentration, and external fields. 
2  Droplet-growth kinetics 
The droplet growth is a process of mass transfer with phase 
change. For the purposes of this investigation, we will as-
sume constant pressure and temperature and the presence of 
ionic condensation nuclei. In addition, we will refer to the 
liquid and vapor phases as the α and β phases, respectively. 
The presence of electric fields necessitates using the general 
form of the chemical potential. When computing the electric 
field energy, we assume the electric ions are apart very far 
from each other. Therefore, each ion behaves as if it existed 
alone. This will simplify the form of the generalized 
chemical potential, and we need only research the kinetics 
of the growth of a single droplet with an ionic condensation 
nucleus. Let μ′α and μ′β express the chemical potential of the 
α phase and β phase, respectively, and that the ion is a 
sphere conductor of radius a and charge q. The droplet has 
radius r and all the vapor is outside the droplet. Thus, there 
are three electric displacement densities:  
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Let p be the saturated vapor pressure when the boundary 
surface between the vapor and liquid is flat. In the absence 
of the ion, the phase equilibrium condition is 
( , ) ( , ).T p T pα βμ μ=               (5) 
In the case of a spherical boundary surface between vapor 
and droplet, let p′ be the vapor pressure of the β phase. In 
the absence of the ion, due to the equilibrium of the 
two-phase pressure, the pressure of the α phase is p′+2σ/r, 
where σ is surface tension coefficient. Thus, when the 
boundary surface between vapor and droplet is spherical, 
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the chemical potential of the α and β phase in the absence 
of the ion are μα (T, p′+2σ/r) and μβ (T, p′), respectively. Next 
we will explore the situation that involves the boundary 
surface being spherical and the presence of an ionic nucleus. 
According to the general definition, eq. (4), of chemical 
potential and the mass differential relation, ∂nα=–∂nβ, of the 
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where V=4πr3/3, ν 0α=(∂V/∂nα)p′,T, and ν 0α is the partial mo-
lar volume. If the vapor is treated as an ideal gas, the 
chemical potential, μβ (T, p′), of the β  phase with a spheri-
cal boundary surface may be expressed as [13] 
( )( , ) ( , ) R ln .T p T p T p pβ βμ μ′ ′= +        (7) 
Next we consider that changes in the liquid properties are 
not obvious when the pressure changes. We expand 
μα(T,p′+2σ/r) in a series and keep the linear term, which 
yields 
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    (9) 
According to non-equilibrium thermodynamic theory, the 
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where Xk is thermodynamic force, Ji is thermodynamic cur-
rent of the mass transport of component i and Lik is a phe-
nomenological coefficient. In this system, there is only one 
kind of component, and the thermodynamic force is deter-
mined by only the chemical-potential difference. Therefore, 
eq. (10) simplifies to 
,J L β αμ μ′ ′⎡ ⎤= −⎣ ⎦                 (11) 
where J is the mass transfer from the α phase to the β phase 
per unit time and per unit area. Substituting eqs. (5) and (9) 
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which is the droplet-growth kinetics equation in the pres-
ence of an ionic condensation nucleus 
3  Effect of charge on droplet growth 
3.1  Droplet-growth kinetics curves 
To study the effect of charge on the growth of droplets with 
an ionic condensation nucleus, the droplet growth kinetics 
eq. (13) must be simplified. First, p′–p<<2σ/r, p′–p may be 
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Then, let ( )02 ( ln( / )) ,cr v RT p pασ ′= where rc is the critical 
droplet radius [13]. Thus, we may define a non-dimensional 
droplet radius y=r/rc, a non-dimensional time x=2Lσν0αt/ 
(ρr2c), and a non-dimensional charge θ=q2(1/Σ0–1/ε)/ 






θ⎡ ⎤= − +⎢ ⎥⎣ ⎦                (15) 
when θ=0, eq. (15) becomes the droplet growth kinetics 
equation in the absence of an ionic nucleus. To further ex-
plore the dynamics of the system, we may vary the non-dim- 
e- nsional parameter θ. let y0 and yc represent the non-dimen- 
sional initial droplet radius (x=0, y=y0) and non-dimensional 
critical droplet radius, respectively. 
3.2  Results 
As shown in Figure 1, yc=1 is critical droplet growth point. 
When y0>1, the droplet grows. When y0<1, the droplet de-
creases in size until it vanishes. Thus, yc=1 is the 
non-dimensional critical radius in the absence of a charged 
nucleus. Figures 2–6 show that when an ionic condensation 
nucleus is present, the non-dimensional critical radius of 
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droplet growth is less than that of when the ion is absent, 
This behavior can be seen for values, θ=0.01 and 
0.98<yc<0.99<1. This is the reason that droplet growth is 
enhanced with an ionic condensation nucleus. Further 
analysis indicates that yc decreases as θ increases. This be-
havior can be seen for values, θ=0.1 and 0.81<yc<0.82. This 
can be seen in the progression of yc and θ in Figures 2–6. 
Furthermore, when the ionic nucleus is present, rather than 
vanishing, droplets with an initial radius less than yc shrink 
to a steady state value, 0y′′ . This behavior, which is differ-
ent from that without the ionic nucleus, can be seen for val-
ues, θ=0.01 and 0 0.23y′′ ≈ . This value, 0y′′ , also increases 
as θ increases. When the initial droplet radius is less than 
both yc and 0y′′ , the droplet grows until its radius reaches 
0y′′ . This behavior can be seen in Figure 5. For y0=0.6, 
y0=0.1, and y0=0.01, the y increases to a steady-state value 
of 0.67. Thus, when an ionic condensation nucleus is pre-
sent, although the initial droplet radius may be small 
( 0 0y y′′< ), the droplet radius also continuously increases to 
a steady-state value 0y′′ . This is also the reason that the 
droplet growth is enhanced. Using the above analysis, it can 
be seen that when 0 00 y y′′< < , the droplet radius increases 
to a steady-state value 0y′′ , when 0 0 cy y y′′ < < , the drop 
radius will decrease to 0y′′ , and when y0 > yc, the droplet 
will grow without bound.  
As θ increases, yc decreases and 0y′′  increases. There-
fore, there is a critical value of θ that leads to 0 cy y′′ ≥   
 
Figure 1  Temporal evolution of the non-dimensional radius, where the 
non-dimensional charge, θ=0. The plot shows y vs. x, which is the 
non-dimensional time coordinate. 
 
Figure 2  Temporal evolution of the non-dimensional radius, where the 
non-dimensional charge, θ=0.000001. The plot shows y vs. x, which is the 
non-dimensional time coordinate. 
which means that the region where the droplet radius de-
creases, 0 0 cy y y′′ < < , no longer exists. When θ reaches this  
 
Figure 3  Temporal evolution of the non-dimensional radius, where the 
non-dimensional charge, θ=0.0001. The plot shows y vs. x, which is the 
non-dimensional time coordinate. 
 
Figure 4  Temporal evolution of the non-dimensional radius, where the 
non-dimensional charge, θ=0.01. The plot shows y vs. x, which is the 
non-dimensional time coordinate. 
 
Figure 5  Temporal evolution of the non-dimensional radius, where the 
non-dimensional charge, θ=0.1. The plot shows y vs. x, which is the 
non-dimensional time coordinate. 
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Figure 6  Temporal evolution of the non-dimensional radius, where the 
non-dimensional charge, θ=0.107. The plot shows y vs. x, which is the 
non-dimensional time coordinate. 
value, droplets of arbitrarily small radius will grow. This is 
shown in Figure 6 for θ=0.107, which shows growth for all 
computed values (y0=0.1, y0=0.01, y0=0.0001, y0=0.000001). 
Therefore, above the critical value of θ, droplet growth is 
independent of the initial droplet radius. This shows that the 
greater the value of θ, the greater the effect produced by the 
ionic nucleus. In electrical storm conditions, charged parti-
cles are common, which leads to widespread droplet 
growth. In a Wilson cloud chamber, the motion of ions is 
visible due to this charged-condensation-nucleus droplet 
growth behavior. This is due to the fact that traveling ions 
create more ions in their wake, which become condensation 
nuclei, which highlights the path of the original ion. 
4  Conclusions 
We used the general form of the chemical potential and the 
kinetic equation of mass transfer and established a growth- 
kinetics model for droplets with ionic condensation nuclei. 
We then used assumptions to simplify the model. Using this 
model, we explored the effects of charge on droplet growth. 
For various values of θ droplet-growth kinetics curves were 
drawn. We showed that the critical radius for ionic-con- 
densation-nucleus-droplet growth is less than that of those 
lacking an ionic nucleus. Furthermore, the results indicated 
that in the presence of an ionic nucleus, a droplet of radius 
less than the critical radius will not vanish, and instead will 
approach a steady-state radius. We showed that as the non- 
dimensional charge, θ, increases, the non-dimensional critical 
radius for the droplet growth decreases and the corresponding 
steady-state value of the droplet radius increases. When the 
non-dimensional charge increases to the critical value, 
droplets will grow for arbitrarily small radius. Thus, in 
practice, the vapor condensation process may be enhanced 
and controlled by adding charged particles. 
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